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Abstract
Consider a time horizon and a set of possible states for a given system. The system must be
in exactly one state at a time. In this paper, we generalize classical results on min-up/min-down
constraints for a 2-state system to an n-state system. The minimum-time constraints enforce
that if the system switches to state ¢ at time ¢, then it must remain in state ¢ for a minimum
number of time steps. The minimum-time polytope is defined as the convex hull of integer
solutions satisfying the minimum-time constraints. A variant of minimum-time constraints is
also considered, namely the no-spike constraints. They enforce that if state i is switched on at
time ¢, the system must remain on states j > 4 during a minimum time. Symmetrically, they
enforce that if state i is switched off at time ¢, the system must remain on states j < i during
a minimum time. The no-spike polytope is defined as the convex hull of integer solutions
satisfying the no-spike constraints. For both the minimum-time polytope and the no-spike
polytope, we introduce families of valid inequalities. We prove that these inequalities lead to a

complete description of linear size for each polytope.

Consider a time horizon 7 = {1,...,T} and a set of possible states N' = {0,...,n} for a given
system. The system must be in exactly one state at a time. We introduce minimum-time constraints
as follows. If the system switches to state i« € A at time ¢, then it must remain in state i for at
least L? time steps. The minimum-time polytope is defined as the convex hull of integer solutions
satisfying the minimum-time constraints. These constraints directly generalize minimum up and
down time constraints from the literature [II], 18] in the sense that the system has an arbitrary
number n of possible states, instead of only two states (up and down).

A variant of minimum-time constraints is also considered, namely the no-spike constraints. The
no-up-spike constraints enforce that if state i+ € N is switched on at time ¢ € T, the system must
remain on states j > 4 during at least L’ time steps. This forbids to switch down the states of the
system too rapidly after having switched them up. Symmetrically, the no-down-spike constraints
enforce that if state i € N is switched off at time ¢ € T, the system must remain on states j < i
during at least £' time steps. This forbids to switch up the states of the system too rapidly after
having switched them down. The no-spike polytope is defined as the convex hull of integer solutions
satisfying the no-spike constraints.

To illustrate, Figure[I]displays an example solution for a 4-state system on 7 time steps satisfying
minimum-times L? = 3, i € N, and Figure [2| displays an example solution for a 4-state system on
10 time steps satisfying no-spike constraints with L' = ¢* =3, i € N.
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Figure 1: Example of a solution for a system Figure 2: Example of a solution for a system
subject to minimum-time constraints subject to no-spike constraints

Minimum-time and no-spike constraints are of particular interest, because they appear in practi-
cal Unit Commitment Problems, typically when production units feature discrete operating states.
Minimum-time constraints are very often involved for combined-cycle units, which feature various
operating modes, and minimum up and down times on each mode [Bl [6] [13]. Moreover, in the French
electrical system [8], nuclear units are modeled with discrete production levels and minimum-time
constraints, and hydro-electric units are modeled with discrete production levels, and no-spike
constraints.

Minimum-time constraints on multiple-state systems also very classical in mixed-integer optimal
control problems [I} @l B], where optimal policies usually have to avoid very short successive changes.
In this context as well, tight MILP formulations for such discrete constraints can prove useful,
specifically in decomposed resolution schemes [20].

Related work For a system with only 2 possibles states (up and down, or equivalently 0 and
1), minimum-time constraints and no-spike constraints simplify to min-up/min-down constraints.
A complete description of the min-up/min-down polytope is given in [I1], in the space of binary
variables z indicating on/off status. This description involves an exponential number of inequalities.

The authors of [I8] define binary variables u indicating a switch from state 0 to state 1. They in-
troduce turn-on/turn-off inequalities, a polynomial family of inequalities enforcing the min-up/min-
down constraints. They prove that along with trivial inequalities, they provide a complete descrip-
tion of the minimum-time polytope in the variable space (x,u). Similar results have been proven
independently in [12].

Polytopes associated to couplings of minimum-time constraints with other constraints have also
been studied. In [I7], the authors propose, for a two-state system, a polyhedral description of the
minimum-time constraints coupled to maximum time constraints, enforcing that each state does
not remain activated for too long after being switched on. In [2] [19] is proposed a polyhedral study
of the coupling between min-up/min-down constraints and knapsack constraints. In [4], the authors
propose tight formulations for minimum-time constraints coupled to particular ramping constraints
enforcing that transitions are allowed only between consecutive states.

In the context of the Unit Commitment Problem where production units feature continuous
production variables, multiple studies propose tight formulations for the coupling between min-
up/min-down constraints and production ramping constraints enforcing limited power variations



for consecutive time steps [7, 14} 10} [T5] [16].

In this paper, we generalize classical results on min-up/min-down constraints for a 2-state system
to an n-state system. To this aim, we introduce two new polytopes: the minimum-time polytope
and the no-spike polytope. For each polytope, we introduce families of valid inequalities. We prove
that these inequalities lead to a complete description of linear size for each polytope.

In Section [1} a formulation for the minimum-time constraints is given, using on/off binary vari-
ables  and switch binary variables u. This formulation involves exclusion constraints on variables
x, enforcing that exactly one state is used at each time step. In that sense, binary variables x can be
seen as multiple-choice variables. The formulation also involves extension of turn/on-off inequalities
from [I§] to n-state systems. The minimum-time polytope is defined in the (z,u) variable space. We
introduce a linear-size family of valid inequalities providing a strengthened upper-bound on switch
variables u. We prove that the minimum-time polytope can be completely described using these
inequalities along with formulation inequalities. In Section [2 a formulation of no-spike constraints
is given, also using on/off binary variables  and switch binary variables u. Exclusion constraints
are replaced with order constraints on variables x. Therefore, variables x can be seen here as in-
cremental variables, leading to an incremental formulation instead of a multiple choice one. We
show that the extension of turn/on-off inequalities from [I8] involving incremental variables enables
to enforce no-spike constraints. The no-spike polytope is accordingly defined in variables space
(z,u). Two linear-size families of valid inequalities are introduced: generalized order inequalities
and generalized turn-on/off inequalities. We prove that the no-spike polytope can be completely
described using these inequalities along with formulation inequalities.

1 The Minimum-Time polytope

In this section, we consider an n-state system with minimum times L’ on each state i of the system.
Using multiple choice variables z} indicating that the system is in state ¢ at time ¢, the following

exclusion constraint holds: ‘
daj=1  VteT (1)

ieN
Additional binary variables u are used to indicate the fact that a state has been switched on at
a given time step. Thus, variable u; indicates that state ¢ has been switched on at time ¢:

ul >t —al | vte{2,.., T}, Vie N
ul < VteT,VieN
ul <l—at | Vte{2,.. T}, Vie N

— T~
NN
6 O o
_ =

Extending to the n-state case the turn-on constraints introduced for a two-state system in [18§],
minimum-time constraints can be written as extended turn-on inequalities:

t
>ooup<a Me{l'+1,..,T} VieN 3)
t'=t—L*+1

The minimum-time polytope is defined as follows:

PMT — Conv{<x7u) c {0,1}("><T)><('n,><T—1) | , , 7 7 }

3



In the following, we introduce a linear-size family of valid inequalities arising from the cou-

pling between and . We show that along inequalities , , , , , this set of

inequalities gives a complete linear description of PMT.

1.1 Strengthened Upper Bound (SUB) inequalities
We introduce the Strengthened Upper Bound (SUB) inequalities as follows.

up <ap—al o +Y ul  VieN, VteT (4)
J#i
The following lemma shows that these inequalities define a valid upper bound for variables u?,
coupling all states j together.

Proposition 1. Strengthened Upper Bound inequalities are valid for PMT,

Proof. If xi — ¢ | =1 then u! = 1 by therefore (SUB) is valid. Similarly, if zi — 2% | = 0
then u! = 0 by and therefore (SUB) is valid.

If 2f — z}_; = —1, it means that state i has been deactivated at time ¢: by (16), another state j
should have been switched on at time ¢, thus 3, u{ = 1 which proves the validity of (SUB). [
1.2 Complete polyhedral description of the minimum-time polytope

In order to prove that strengthened upper bound inequalities, along with turn-on/turn-off inequal-
ities, give a complete linear description of PMT we introduce a few definitions.

Definition 1. Let polytope Q, 1 be defined by inequalities , turn-on and
strengthened upper bound inequalities ,

Qur = {@w) € 0.1 | @. €D, @. €. @ @)

Let {as, s € S} be a set of integral points of Q,, 7. We introduce the following notations.

We denote by z%(as) (resp. ui(as) ) the coordinate x} (resp. u}) of point as.

We introduce set Si C S containing points of S such that state i is on from time t — L* + 1 to
time ¢, for alli € N and t € T.

t

si={sesla =1 Y e -of

t'=t—L*+1

Subset S! contains the points as such that state i is ready to be deactivated at t + 1 (i.e, minimum-
time constraints would indeed be satisfied if ¢ were deactivated at t + 1).

We also introduce set gz C S containing points of S such that state i is off at time ¢, for all
i € N and t € T, and no other state j is switched on on interval [t — L7 + 1,¢]:

t

Si:{s€S|xi(as):O, Z ul(as) =0, VjEN}

t/'=t—Li+1



Subset ?; contains the points a, such that state i is ready to be activated at ¢t +1 (i.e, min-up time
constraints would be satisfied for other states j if i were activated at ¢t 4 1).

We introduce set S;™ C S containing points of S such that state i is switched on at time ¢, for
allie NandteT.

Spv = {s € S| ui(as) = 1}
Finally, for a given point (z,u) we use the notation w to denote the following values:
wp =Ty — (5)

Note that w = 1 would correspond to switching off state i at time ¢.
Now we prove three useful lemmas to show that Q,, r is integral.

Lemma 1. For any point (z,u) in Q, 1, the following equality holds:

> wi=) u (6)
i=0 i=0

Proof. We have Y7 (xi_| — ) +ui=1—1+ 3" u} from inequality (I6). O

Lemma 2. For any point (z,u) in Q, 1, the following inequality holds:

dwizul  VieN. (7)
i#]
Proof. By (5), D it Wi = Doizi(up +ai_y — o). Then applying for t and ¢ — 1, we obtain
Dipy Wi =) —xl_y 4+ 3, uj. By (SBU) inequality (), we obtain the result. O

For a point (z,u) in Q, r, consider oriented graph G, , = (V,A), where V = {s} U {p} U
(Wi, U Vie N} and A = {(s, W) Vi} U{(W' U7), Vi # 5} U{(U% p) Vi}.

Figure |3 shows the form of graph G for a 4-state system. For each i € N, arc (s, W?) has
capacity w. and arc (U*,t) has capacity u-..

Lemma 3. Consider a point (x,u) in Qur. Let Q =3, wh. There exists an s—p flow of value
Q in graph Gy .

Proof. Suppose the maximum s—p flow were of value ' < Q. Then it would mean that at least
one arc (s, W7) is not saturated for a given j. As Q =Y, ul by Lemma some arcs (U, t) are
not saturated either. If arc (U*,p), with ¢ # j is not saturated, then the flow can be increased on
arcs (s, W7) and (W7,U?), therefore Q" would not be a maximum flow. Thus, among arcs (U*, ),
i € N, only arc (U7, p) is not saturated. Thus, for a given postitive flow f on an arc (W?¢, Uil), with
i # j, i’ # j, flow f can be (at least partly) re-oriented to arc (W%, U7). Therefore, arc (U, p)
would not be saturated anymore, and we could increase the flow on arcs (s, W7), (W7, U i,), and
(U?,p). This leads to a contradiction. O

Theorem 1. Polytope O, 1 is integral.
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Figure 3: Example of a graph G, with n =4

Proof. We prove the following result by induction on T": for any point (x,u) of Q,, 7, there exists a
set {as, s € S} of integral points a5 € Q, 1 such that (z,u) can be written as a convex combination
of points as, such that: (z,u) =) g Asas where Y g A = 1.

For T =1, the result trivially holds as variables u are non-zero only when 7' > 2.

Suppose the result is true for T—1. We first prove (¢) for T. Consider a point (z,u) of Q,, r. By
induction hypothesis, the restriction (x,u)7_1 of (z,u) to the first T—1 time steps can be written as
a convex combination of integral points as € @, 71, s € S such that (z,u)7_1 = > g Asas where
> scsAs = 1. We will show that each point a® can be extended to time step 7" so that for each a,
we obtain several points b2 = (as, (2% 7, u} 1)) € Qn 1 satisfying: (v,u) = > s> cp ALY where
2pep, A8 = Ase

For each state 7, a fraction u}. of state i is activated at time 7. In this case, a fraction u’. of
integral points as, s € U;j»£;S). ; must be extended so that state i is activated at time T (i.e.,

extended so that the resulting points satisfy 2%, = 0 and 2% = 1). The quantity of eligible of
points in S is

T-1 T-1
i _ _ i _ i J
Qu=" 2 A= A=l-wra=3, 3 Y A=l-ah,-) >y
seuj¢i5971 segi J#it=T—Li+1s€S}, j#i t=T—Li4+1

by induction hypothesis. By inequality , and then :

IR (A SR T DE S IS e A A
J#i J#i J#i J#i

Finally, by 7 we obtain: Q! > ul..



Moreover, a fraction wi. of state i is deactivated at time 7. In this case, a fraction of integral
points as, s € S%_, must be extended so that state i is switched off at time T (i.e., extended so
that the resulting points satisfy x%. = 0). The quantity of eligible points is

T-1

i _ _ i i~ i i i

Q= E As =71 — E Uy 2 Tp_q = Ty +up
565'7"-71 t=T—L"+1

by induction hypothesis and inequality (3)). Finally, using (5)) we obtain Q%, > wi..

We have shown that for each state 4, there is a sufficient fraction Q! > u’ (resp. Q, > wi)
of points ready to activate (resp. deactivate) state i. It remains to decide how each point a, will
be extended. To do this, we argue that an extended solution can be obtained from a flow in graph
Ga:7u

O

2 The No-Spike polytope

In this section, we consider a system subject to no-spike constraints instead of minimum-time
constraints. To formulate these constraints, exclusion constraints (|1f) are replaced with the following
order constraints:

) =1 and ol <zt VteT, Vie{l,..,.n} (8)

In this case, variables  take on a new meaning: ¢ = 1 if there is a state j > i such that all
states from 1 to j are on at time ¢t. The states of the system are then modeled as incremental, in
the sense that if state 7 is on at time ¢, then all states k < i must also be on at time t¢.

Note that when featuring incremental variables x, the extended turn-on inequalities take
another meaning. Specifically, they enforce that when state ¢ is switched on, the system must
remain on states j > 4 during L’ time steps. Therefore, in this incremental state context, the
min-up constraints exactly enforce no-up-spike constraints.

We can similarly formulate no-down-spike constraints as extended turn-off inequalities:

t

Z Ui/ S 1-— l‘if@m (9)

t'=t—0i+1

These inequalities enforce that when state ¢ is switched off, then the system must remain on states
j < i during #* time steps.

We study the resulting no-spike polytope PNS with symmetric min-up/min-down times L’ =
¢t =L, for each i € N.

NS :com{(:c,u) € {0, 1}(mxD)x(nxT=1) | (@3, ([@5), (2. H @), @D}

In the following sections, we introduce several families of valid inequalities for PV, We then
prove that these inequalities, along with formulation inequalities, yield a complete description of
the minimum-time polytope.



2.1 Valid inequalities

In this section, we introduce two linear-size families of valid inequalities for PV, one that gener-
alizes using u variables, and another that captures the coupling between (resp. @D) and

Definition 2 (Generalized order inequalities). Fori e {1,..n—1},t € {1,..,T —1} :

ayt g < g+ ugy (10)
el < ab it (11)

Proposition 2. Generalized order inequalities are valid for PNS.

Proof. Note that by constraint ( @), =i - i >0, If 22 — 217! = 1, then both inequality are valid.
Otherwise, if xi — zi** = 0, it means that states 4 and i + 1 are either both activated or both
deactivated at time ¢.

We first prove the validity of in the case where 2% — xi“ =0. Ifu t+1 = 1, meaning that

state ¢ + 1 is switched on at time ¢ + 1, then state ¢ is also switched on at time ¢ + 1, so uj,q, = 1.

Now we prove the validity of in the case where 2t — zi™' = 0. If u! = 1, meaning that
state 4 is switched on at time ¢, then state ¢ + 1 is also switched on at time ¢, as z} — it =0, thus
ultt = 1. O

Now we introduce inequalities generalizing no-up-spike and no-down-spike @D constraints.
Note that by convention, " =0, uf™ = 0 and 29 = 1, u) = 0, for all t € T

Definition 3 (Generalized turn-on inequalities). For ¢ € {1,..n}, t € {L+1,....,T} and k €

{1,..,L—1}:
Z ut’ <xt+ Z u2+1 1+1 (12)
t'=t—k t'=t—k

Proposition 3. Generalized turn-on inequalities (12) are valid for PN<.

Proof. Note that by constraint ( . xi— xffl > 0. If 2 — ’H = 1, then the inequality is valid:
indeed, Et, +— Uy < 1 otherwise the minimum-time constralnt Would not be satisfied. We now

consider the case where i — zi™! = 0, meaning that states i and i + 1 are either both activated or
both deactivated at time t. If Zt,:F x Uy = 0 then the inequality is trivially valid. Otherwhise,
if Zi,:t_k u!, = 1, it means that state i has been switched on at some time ¢’ € [t — k,t]. Since

k < L — 1, by the minimum-time constraint, state i is still activated at time t. As z¢ — x,ﬁ“ =0,

state 7 + 1 is therefore also activated at time t. As state 7 was not activated at time ¢’ — 1, state
i + 1 was not activated neither at time ¢ — 1. Therefore, there exists a time ¢ € [t/,¢] at which
state i 4 1 has been activated. Thus, S%,_, , ulf! =1.

O

Proposition 4. Generalized turn-on inequalities dominate turn-on inequalities.



Proof. For k = L — 1, the generalized turn-on inequality has the form:

t

t
Z uy < xp + Z ult — it

t'=t—L+1 t'=t—L+1
It corresponds to the turn-on inequality for state i, with the addition of ZE,:t_LH ui,ﬂ — :ri“

to the right hand side. Note that Zi,:t7L+1 ui,“ — xi“ < 0 by the turn-on inequality for state
1+ 1. Therefore, the generalized turn-on inequality dominates the turn-on inequality, for each state
ieN. O

Definition 4 (Generalized turn-off inequalities). For i € {1,..n}, t € {L+1,...,T} and k €
1,..L—1}:

t t
zi_p+ Z ul, <ziTh o+ Z ul !t (13)
t'=t—k t'=t—k
Proposition 5. Generalized turn-off inequalities are wvalid for PNS.
Proof. The proof follows the same pattern as the proof of Proposition O
Proposition 6. Generalized turn-off inequalities dominate turn-off inequalities.
Proof. The proof follows the same pattern as the proof of Proposition O

Definition 5. Let polytope Qﬁ be defined by generalized turn-on inequalities , generalized
turn-off inequalities (L3|), generalized order inequalities along with order inequalities
and inequalities 2b) @29

o = {@w e pap | E@EDNE@B MO @ )

2.2 Complete polyhedral description of the no-spike polytope

In this section, we prove that polytope QTIX 5 is integral, therefore inequalities
give a complete linear description of the no-spike polytope PN5.

In order to prove the integrality of QT]X 2., we first apply a bijective transformation: we obtain a

new polytope éfy 5?, which we prove to be integral.

2.2.1 Linear bijective transformation of ny“;

We consider linear bijection ¢ transforming variables (x,u) to variables (Z,u, w) as follows :
¢ (z,u) = (Z,u,w)

where for each ¢ € {0,...,n} and t € T,

o i+1

Ty =Ty xt+1

ot R %

Up = Upg — Uy (14)
i i i+1



and
i i i—1 i
Wy = Uy + Ty — Ty

Note that i > 0 by order constraints, but u} € [—1,1].
Inverse bijection ¢! can be defined as follows:

where

We can easily prove the following lemmas.
Lemma 4. For (z,u) € QN7 and (T,u,w) satisfying (14),

~i o~ ~ie1 i
Wy = Uy + Ty — Ty

Lemma 5. With bijection ¢, generalized order inequalities and rewrite
—F_ < u < T

Lemma 6. With bijection ¢, fori € {1,..n},t € {L+1,..,T} and k € {1,...,L — 1}, generalized
turn-on inequalities rewrite
t
> u <

t'=t—k

Lemma 7. With bijection ¢, fori € {1,..n}, t € {L+1,...,T} and k € {1,...,L — 1}, generalized
turn-off inequalities rewrite

t
ot Y, >0
t'=t—k

Bijection ¢ transforms the incremental formulation with variables (x,u) into a multiple choice
formulation with variables (Z,w,w). Indeed, we prove that along bijection ¢, polytope Qf:% is

10



transformed to éfj %

=0
. n .
=S w=0 17
t t
=0 1=0
dwl>0  and Y @] >0 (18)
j=i j=i
W=, + T, — T (19)
—T, <uy <7 (20)
t
> ay < Vke{l,.,L—1} (21)
t'=t—k
Tt Y >0 Vke{l,..,L—1} (22)
t'=t—k
Fela aiel-1 (23)

Theorem 2. _

S(QNF) = Q7
Proof. We first prove the inclusion ¢(Q%%) C QNS Let (z,u) € € Qrf. Let (T,u,w) = ¢((m u))
We show that (Z,u, w) e QNS By Lemmasto (z,u,w) satisfy (in)equalities (19)), (20)), (21]
and . Inequahtles and are obtained for each t by summing equalities (14) from 1= O
to n, given that xj = 1 and ud = wo = 0. Inequalities (L8| are obtained for each ¢ and eahc i by
summing equalities (14 from 7 =1 to n, given that u% > 0 and w{ > 0.

Finally we prove Q Y Co(Qord). Let (T,u,w) € QNg and let (x u) = ¢~ 1((Z,u,w)). We show
that (x,u) € Q;’ﬁl«. From Z?:i ! 2 0 we can deduce Z . ul T - xt > 0 therefore inequality
is satisfied by (z,u). From @} < Zj we obtain } 7 ui < ZJ ; T7 therefore 1nequahty (1)
is satisfied by (x,u). From —xt . < 4l we obtain ZJ Oxt |+ U > 0. Using (16) and (17, it

transforms into 32" % | 4+ @ < 1, showing that inequality (2d) is satisfied by (z, u)

j 7

O

Interpretation of variables (Z,u,w) Bijection ¢ preserves integrality, therefore any integer
solution (Z,w,w) corresponds to an integer solution (z,u), and conversely.
Decision variables Z € {0,1}"T can be interpreted as follows:

~ 1 0 otherwise

i { 1 if state i is used at time ¢
L=

where at each time ¢, exactly one state is used by the system (by equality )

11
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*J

/ /

ui J e i e
i is upwardly activated (5 < 7) 1 is upwardly deactivated (j > )
e j e
,[Ez’ ° ° g

i is downwardly deactivated (j < i) | ¢ is downwardly activated (j > )

Table 1: Meaning of variables @ and w depending on their values

Variables @ € {—1,0,1}T~1 take the following values:

w; =4 —1 ifw;=0andw ™ =

0 otherwise

1 ifw=1land w;t' =0
1

Therefore, if w! = 1, it means that state i is used at time ¢ — 1 but is downwardly deactivated at
time ¢, meaning that from ¢ — 1 to ¢, there is a transition from i to some state j < i. If wi = —1,
it means that state 7 is not used at time ¢ — 1 but is downwardly activated at time t, meaning that
from ¢ — 1 to ¢, there is a transition from some state j > i to state i.

Variables % € {—1,0,1}*(T=1) take the following values:

' 1 iful=1landut' =0
=< —1 iful=0andui™ =1
0 otherwise

Therefore, if i = 1, it means that state i is not used at time ¢t — 1 but is upwardly activated at time
t, meaning that from ¢ — 1 to ¢, there is a transition from some state j < i to state 4. If ui = —1, it
means that state ¢ is used at time ¢t — 1 but is upwardly deactivated at time ¢, meaning that from
t — 1 to t, there is a transition from 7 to some state j > i.

Table |1| synthesizes the meanings of variables @ and w depending on their values.

2.2.2 Integrality of éﬁf%

In this section, we show that @nN“% is an integral polytope.
Let S = {as, s € S} be a set of integral points of @nN;“i We introduce the following notations.
We denote by Z:(as) (resp. ui(as), wi(as) ) the coordinate Z¢ (resp. ul, wi) of point as € S.
We introduce set S; C S containing points of S such that state ¢ is on at time ¢.

Si={s€S|Fa) =1}

12



Subset S} contains the points as such that state i is used at time .
The following subsets of S are also defined:

S —{se S| ket t]s. t. uh(as) =1 and Ti(as) = 1}

[#,t]

Si={se S|k et,is t. @(a;) =1 and Fj(a,) =1}

Subset S’t,/t]a (resp. S[t, t]a ) contains the points such that state ¢ is upwardly activated (resp.
downwardly activated) at some time k € [¢/,t], and such that state 7 is still used at time ¢.
We now introduce useful lemmas to prove integrality of QT]X 2

Lemma 8. For any point (T,u,w) of Qn 7, the following inequality holds:
t—1
Vte T, VieN, T - 0, al, | > w!
T, Vi Ty_q ke{lr’rlugx’ﬁl}< t,Xt:kUt) > w;

Proof. We consider two cases.

e Case 1: maxyeq1,..,L—1} (0, Zi,;lt_k ﬂ@,) =0.

From ., < 7! holds. Replacing u! by the expression given by (19 ., we obtain the result.
o Case 2: maXpeq1,... -1} <0 Zt, i kut,) = Zz/ 1t kut/ for some k € {1,...,L — 1}.

From ., > Ul + Zt, . kut, holds. Replacing u' by the expression given by , we
obtain the result

O
Lemma 9. For any point (,u,w) of QTIY% the following inequality holds:
T-1

Vie T, VieN, Th ,—  max <O, Z 15@) > —ul

ke{l,...,.L—1}

t=T—k
Proof. We consider two cases.
e Case 1: maxyeqr,.. L1} (0, Zi,;ltfk @i,) =0.
In this cas the result follows directly from .
e Case 2: maxye(1,..,—1} <0, Zi;lt_k q’ﬁi,) = Zz/ 1t kwt, for some k € {1,...,L — 1}.

From (1), zi_,_, + i + Et, _,_7 Uy > 0 holds. Replacing @j, by the expression given by
, we obtain the result.

O
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Theorem 3. Polytope @fy% 1s integral.

Proof. We prove the following result by induction on T': for any point (Z,%,w) of @f:[ %, (T, 0, w)
can be written as a convex combination of integral points as € S, such that :

(i) (T,0,w) =), cqAss where YoecsAs =1

(1) vt e{l,..,T}, VL e{l,...,L}, Y segi e

[t—6+1,t]

‘ .
As = MaXpe(1,. 0} (0’ Zt’:t7k+1 “35')

.. t ~

(i51) Vt € {1,....,T}, Ve e {1,...,L}, ZseSf}’}Z‘ll : As = MaXpeq1,.. 0} (O, Zt,:t7k+1 wi,)

For T' =1, the results trivially hold as variables u and w are non-zero only when T' > 2.

Suppose the result is true for T — 1. B

We first prove (i) for T'. Consider a point (Z,u, w) of Q,Jﬁ: By induction hypothesis, the restric-
tion (z,u, w)r—1 of (Z,u,w) to the first T'— 1 time steps can be written as a convex combination of
integral points as € Qﬁ:%_l, s €8 (T,u,w)r_1 = ) ,cqAsas Where Y oAy = 1. We will show
that each point a® can be extended to time step 7' so that for each as we obtain several points
al = (as, (25 7, ul pyw?l 1)) € Qﬁf% safcisfying_: (7, 1?, W) = Y5 2 pep, NobE where 30 p A2 = A,

For each state i, gives T} = x;_; + u; — w;. Therefore, from time T" — 1 to time T :

o If Wl > 0: a fraction wi. of state i is downwardly deactivated at time 7" in point (Z, u, w).

In this case, a fraction @} of points as, s € ShL_; must be extended so that state i is

downwardly deactivated at time T' (i.e., extended so that the resulting points satisfy xzf =0
for each j > ). Not all points a5, s € S%_, can be extended in such a way: only those in
subset S&_\S [ZT/_ 7 +1,7-1] A€ eligible. Indeed, if state ¢ has been upwardly activated at some
time ¢ > T — L + 1 in point a,, then state 7 can not yet be downwardly deactivated at time
T, by no-up-spike constraints.
The eligible fraction of points is therefore:

d

11,">1 =Tp_q — Z As

sesi e

[T—041,T—1]

As (i) holds for T'— 1 we have in particular that

T-1
2o, (X W)

i, a
SeS[t—ZJrl,t—l]

iNd i T-1  ~
Then Q727 = Ty — maxpeq1, .., L-1} (0, D=k “3:')

By Lemma ;}‘ld > Wi, thus there is a sufficient fraction of eligible points for downward
deactivation of state ¢ at time T. The downward deactivation of state ¢ is performed in
priority, among eligible points, for points such that state ¢ had been downwardly activated
the most recently.

14



o If wi < 0: a fraction —wi, of state i is downwardly actived at time T in point (Z, @, w).

In this case, a fraction —w% of points as, s € Uj>z-S%_1 must be extended so that state ¢ is
downwardly activated at time T (i.e., extended so that the resulting points satisfy x% = 1
and 27, = 0). Not all points as, s € U;5;57._;, can be extended in such a way; only those in

subset:
U S L/’a
T L+1,T—1]
Jj>i

are eligible. Indeed, if state 7 > ¢ has been upwardly activated at some time ¢’ > T — L + 1
in point a4, then state i can not yet be downwardly activated at time T'. The eligible fraction

of points is therefore
i) d
=Y o
7>

We saw that Q%' > @7, therefore Q7" >
% \a

j>i ~%. From equality (15| ., we obtain
> —wh. T hub there is a sufficient fractlon of eligible points for downward activation.
The downward activation of state ¢ is performed in priority among eligible points in ST_l,

for points such that some state j > i has been downwardly activated the most recently.
o If u% < 0: a fraction —uf of state i is upwardly deactivated at time T in point (Z, 4, w).
In this case, a fraction —u} of points as, s € S% | must be extended so that state i is

upwardly deactivated at time T' (i.e., extended so that the resulting points satisfy :ro =0 for
each j <1).

Not all points as, s € S¥_;, can be extended in such a way: only those in subset St 1\S[T L+1,7—1]

are eligible. Indeed, if state ¢ has been downwardly activated at some time ¢’ > T — L + 1
in point as, then state ¢ can not yet be upwardly deactivated at time T, by no-down-spike
constraints. The eligible fraction of points is therefore:

i, /'d ~4
T-1 = Tp_1— E As

i
SGS[T 041,7—1]

As (#4i) holds for T'— 1 we have in particular that

T-1
Z As =  max 0, Z wy,
ke{l,...,.L—1}
Sl a t/:
SES Joh1,e—1]
i,/ 'd _
Then Q771 =24, — maxge(1,..,2-1} | 0 th =T— kwt’

By Lemma @ Ql /( 4> > —ul, thus there is a sufficient fraction of eligible points for upward
deactivation of btate 1. The upward deactivation is performed in priority, among eligible
points, for points such that state ¢ had been downwardly activated the most recently.

o If u% > 0: a fraction U’ of state i is upwardly activated at time 7" in point (Z,u, ).

15



In this case, a fraction @} of points as, s € Uj<iS%,1 must be extended so that state ¢ is
upwardly activated at time 7' (i.e., extended so that the resulting points satisfy z% = 1 and
z} = 0). Not all points as, s € U;j<;S7._;, can be extended in such a way; only those in

subset:
J J,\a
U St_ 1\ST L+1,T—1]
71<1

are eligible. Indeed, if state j > ¢ has been upwardly activated at some time ¢’ > T — L + 1
in point as, then state ¢ can not yet be downwardly activated at time T. The eligible fraction

of points is therefore
i, /'a j,/d
i1 =D Q)
j<i
We saw that Q]’/d > uT, therefore Q’T/f > ZKZ— —EJT

Combining equalities and ([15)), we obtain Z; o Uy < 0. It follows that Ql / >4k Thus
there is a sufficient fraction of eligible points for upward activation. The upward activation
of state i is performed in priority, among eligible points in SJ._,, for points such that states
j <t have been upwardly activated the most recently.

Apart from points extended in order to perform an activation or a deactivation of some state,
other points a4 are extended so that the same operating state is maintained from 7'—1 to T". Thus,
we obtain a set of extended points @, s € S such that (Z,%, W) = >, g Ass, where > g A =1

Let us now prove (ii). Let Q = Zsesz/ZL )\S for a given £ € {1,..., L}. By construction of

the points @, it holds that @ = max (uT + Zsesb a )\570). Indeed, if @% > 0, then there
[T—041,T—1]

is a fraction @} of points @s that have upwardly activated i at time 7. This fraction adds to the
fraction of points as having upwardly activated point ¢ at some time ¢’ € [T — ¢+ 1,T — 1], as
i cannot be upwardly activated again at time 7" in these points, by no-spike constraints. Then,

Q = uh + ZSGST/Z+1 - As. Otherwise if % < 0, then there is a fraction —u’. of points as

that have upwardly deactivated ¢ at time T. By construction, these points are chosen in priority
among those where state ¢ had been upwardly activated the most recently, i.e., among points

in -7 Therefore, fraction —u’. is substracted to Sy e As until reaching 0, z.e.

T€+1T 1 [T—¢+1,T—1]

) = max (uT + D egise As, 0>. In both cases, (i7) can be obtained using the induction
[T—041,T—1]
hypothesis.
We finally prove (iii). Let Q = > _gia /\S for a given ¢ € {1,...,L}. By construction of

[T—f+1

points ag, it holds that () = max (wT + ZSGS N As, 0>. Indeed, if W > 0, then there is a
[T—6+1,T—1]

fraction ws. of points as that have downwardly deactivated i at time T. This fraction adds to the

fraction of points having downwardly deactivated point ¢ at some time ¢’ € [T — ¢+ 1,T — 1], as

1 cannot be downwardly deactivated again at time T in these points, by the no-spike constraints.

. (o . (o . ~1 e .
Then, Q = wh + Eb€S7T/(Z+1 - As in this case. Otherwise if w} < 0, then there is a fraction

—wh of points as that have downwardly deactivated i at time 7. By construction, these points
are chosen in priority among those where state ¢ had been downwardly activated the most recently,

1.e., among points in CHN Therefore, fraction u’. is substracted to SN As until

[T- £+1T 1 [T=¢+1,T—1]
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reaching 0, i.e. Q = max (ﬂ% + D segisa /\S,O). In both cases, (i7i) can be obtained using
[T—64+1,T—1]
the induction hypothesis.

O

2.2.3 Integrality of Qﬁ%
Corollary 1. Polytope Qfx 2 is integral.

Proof. It can easily be seen that bijection ¢ preserves integrality. As it is also linear, it preserves
extreme points as well. Therefore the integrality of Q)7 implies the integrality of Q7. O

PNS

Corollary 2 (Complete polyhedral description of PV<). Polytope ts completely described by

inequalities (3.

Proof. From propositions and inequalities (13)) are valid for PV, and dominate
and (9). By Corollary [1] it shows that the convex hull of (2a)
O

is integral, therefore proving the result.

3 Conclusion and perspectives

Minimum-time and no-spike constraints have been defined as generalizations of min-up/min-down
constraints from the literature. We have shown that these constraints could be both formulated
with extended turn-on/off inequalities. For the minimum-time constraints, turn-on/off inequalities
involve multiple choice variables and are thus coupled to exclusion constraints. For the no-spike
constraints, turn-on/off inequalities involve incremental variables and are thus coupled to order
constraints. Associated minimum-time polytope and no-spike polytope have been defined. Linear
size families of valid inequalities, generalizing formulation inequalities, are introduced for both
polytopes. For each polytope, these valid inequalities, along with formulation inequalities, are
shown to provide a complete linear description.

As a perspective, the polyhedral study could be further developed for even more general cases:
for example, the no-spike polytope has been defined here with symmetric min-up/min-down times.
Even though in practice instances are usually symmetric, the non-symmetric case could also be
explored. Furthermore, polyhedral couplings between minimum-time or no-spike constraints and
other constraints could also be worth investigating to solve practical Unit Commitment Problems.
For example, an interesting coupling would be with transition constraints enforcing that from each
state, only a subset of other states are accessible. Finally, experimental results could be conducted
to determine the cases when the valid inequalities proposed in this paper lead to a more efficient
resolution.
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